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a b s t r a c t
In this paper, we are concerned with the existence of multiple positive solutions for the
singular quasilinear elliptic problem in RN−div(|x|−ap|∇u|p−2∇u)+ g(x)|u|p−2u = h(x)|u|m−2u+ λH(x)|u|n−2u, x ∈ RN
u(x) > 0, x ∈ RN .
where λ > 0 is a real parameter and 1 < p < N(N ≥ 3), 1 < n < p < m < p∗, 0 ≤ a <
(N−p)/p, p∗ = Np/(N−pd), a ≤ b < a+1, d = a+1−b > 0. Theweight function g(x) is
a bounded nonnegative function with ∥g∥∞ > 0 and h(x),H(x) are continuous functions
which change sign in RN . We prove that there admits at least two positive solutions by
using the Nehari manifold and the fibrering maps associated with the Euler functional for
this problem.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and the main results
In this paper, we are concerned with the existence and multiplicity results of positive solutions to the following singular
quasilinear elliptic problem with concave–convex nonlinearities−div(|x|−ap|∇u|p−2∇u)+ g(x)|u|p−2u = h(x)|u|m−2u+ λH(x)|u|n−2u, x ∈ RN
u(x) > 0, x ∈ RN (1.1)
where λ > 0, 1 < p < N(N ≥ 3), 1 < n < p < m < p∗, 0 ≤ a < (N − p)/p, p∗ = Np/(N − pd), a ≤ b <
a + 1, d = a + 1 − b > 0. The weight g(x) is a bounded and nonnegative function with ∥g∥∞ > 0 and h(x),H(x) are
continuous functions which change sign in RN . Throughout this paper, we make the following assumptions on h(x),H(x).
Let a ≤ b < a+ 1.
(A1) h(x)|x|bm ∈ Lα(RN) ∩ L∞(RN)with α = p∗/(p∗ −m).
(A2) H(x)|x|bn ∈ Lβ(RN) ∩ L∞(RN)with β = p∗/(p∗ − n).
For a = b = 0 and g = 0, Santos [1] proved that there exists λ0 > 0 such that λ ∈ (0, λ0), the problem (1.1) admits at
least a positive solution if
M∞ =
 ∞
0

s1−N
 s
0
tN−1M(t)dt
1/(p−1)
ds <∞,
where h(x),H(x) are the nontrivial and nonnegative function in RN andM(t) = max|x|=t{h(x),H(x)}.
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Similar consideration on the existence and nonexistence of solution for (1.1) can be found in [2,3,1]. In this paper, we are
interested in the multiple solutions of existence for (1.1). We will use the Nehari manifold method to investigate it.
For p = 2, g(x) = 1 and a = 0, by using the Nehari manifold and the fibrering maps method, Chen [4] proved the
existence of two positive solutions of the following elliptic equation−∆u+ u = a(x)u
p−1 + λb(x)uq−1, x ∈ RN
u(x) > 0, x ∈ RN
u ∈ H1(RN)
(1.2)
with λ ∈ (0, λ∗), 1 < p < 2 < q < 2∗ = 2N/(N − 2),N ≥ 3. The functions a(x) and b(x) are nonnegative and satisfy the
appropriate assumptions; see [4].
When the domain RN is replaced by a smooth exterior domainΩ in RN , Filippucci et al. in [5] considered the existence
and nonexistence of solutions to the elliptic exterior problem−div(a(x)|∇u|p−2∇u)+ |u|q−2u = λH(x)|u|r−2u, x ∈ Ω
a(x)|∇u|p−2 ∂u
∂ν
+ b(x)|u|p−2u = 0, x ∈ Γ = ∂Ω, (1.3)
where 1 < p < N , and ν is the unit vector of the outward normal on the boundaryΓ . The functions a(x) ≥ a0 > 0,H(x) ≥ 0
inΩ and b(x) > 0 in Γ , and H(x) ∈ Lp0(Ω) ∩ L∞(Ω).
By the variational method, they obtained the following main results.
(1) Let p < r < q < p∗. Then there exists λ∗ > 0 such that problem (1.3) has no nontrivial weak solution if λ ≤ λ∗, and
problem (1.3) has at least a nontrivial positive weak solution u if λ ≥ λ∗.
(2) Let p < q < r < p∗. Then problem (1.3) has no nontrivial weak solution if λ ≤ 0 and has at least a nontrivial weak
solution if λ > 0.
We note that the nonlinear terms in (1.3) are |u|q−2u and λH|u|r−2u with q > p, and r > p. But, in many cases,
the nonlinearity term is the concave–convex function and it has received a great deal of attention in the recent years;
see [1,6–8] and references therein.
The motivation for our investigation is the case p = 2, g(x) = 1 and a = 0, which was studied by Chen [4]. Indeed,
motivated by Afrouzi and Rasouli [9], and Chen [4], wewill establish the existence andmultiplicity results for problem (1.1).
In the case a = 0 and p = 2, similar problems have been studied in [10–12]. In the case a = 0 and p ≠ 2, similar problems
(with Dirichlet or Neumann boundary condition in bounded domain) have also been considered in [9,12]. In the case a ≠ 0
and p ≠ 2, it seems like that there is little information on the existence of multiple solutions of problem (1.1).
In order to state our main result, we introduce some weighted Sobolev spaces.
The following weighted Sobolev–Hardy inequality is due to Caffarelli et al. [13], which is called the Caffarelli–Kohn–
Nirenberg inequality. There is a constant Ka,b > 0 such that
RN
|x|−bp∗ |u|p∗dx
1/p∗
≤ Ka,b

RN
|x|−ap|∇u|pdx
1/p
, (1.4)
where−∞ < a < (N − p)/p, a ≤ b < a+ 1, d = a+ 1− b and p∗ = pN/(N − pd).
Let Lpb(R
N) be the completion of the space C∞0 (RN) endowed with the norm
∥u∥Lpb =

RN
|x|−bp|u|pdx
1/p
(1.5)
andW 1,pa (RN) be the completion of the space C∞0 (RN) endowed with the norm
∥u∥W1,pa =

RN
|x|−ap|∇u|pdx
1/p
. (1.6)
The natural functional space to study problem (1.1) is X(⊂ W 1,pa (RN))with respect to the norm
∥u∥ =

RN
(|x|−ap|∇u|p + g(x)|u|p)dx
1/p
(1.7)
which is equivalent to the standard one.
Our main result is the following.
Theorem 1. Suppose the assumptions (A1)–(A2) are fulfilled. Then there exists λ1 > 0 such that for all λ ∈ (0, λ1) problem
(1.1) has at least two positive solutions.
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2. Preliminaries
It is well-known that the Euler functional associated with problem (1.1) is
Jλ(u) = 1p∥u∥
p − 1
m

RN
h(x)|u|mdx− 1
n

RN
λH(x)|u|ndx (2.1)
for all u ∈ X .
Since Jλ is not bounded on X , we introduce the Nehari manifold
Mλ = {u ∈ X \ {0}: ⟨J ′λ(u), u⟩ = 0},
where ⟨, ⟩ denotes the usual duality. Thus u ∈ Mλ if and only if
∥u∥p =

RN
h(x)|u|mdx+

RN
λH(x)|u|ndx. (2.2)
Obviously,Mλ is a much smaller set than X and so it is easier to study Jλ onMλ.
OnMλ, we have
Jλ(u) =

1
p
− 1
m

∥u∥p −

1
n
− 1
m

RN
λH(x)|u|ndx (2.3)
=

1
p
− 1
n

∥u∥p +

1
n
− 1
m

RN
h(x)|u|mdx. (2.4)
The Nehari manifold is closely linked to the behavior of the functions of the form φu: t ∈ R+ → Jλ(tu). Such maps are
known as the fibrering maps and were introduced by Drabek and Pohozaev in [3] and were also discussed by Brown and
Zhang in [14]. If u ∈ X , we have
φu(t) = Jλ(tu) = 1p t
p∥u∥p − 1
m
tm

RN
h(x)|u|mdx− 1
n
tn

RN
λH(x)|u|ndx, (2.5)
φ′u(t) = tp−1∥u∥p − tm−1

RN
h(x)|u|mdx− tn−1

RN
λH(x)|u|ndx, (2.6)
φ′′u (t) = (p− 1)tp−2∥u∥p − (m− 1)tm−2

RN
h(x)|u|mdx− (n− 1)tn−2

RN
λH(x)|u|ndx. (2.7)
It is easy to see that u ∈ Mλ if and only if φ′u(1) = 0 and, more generally, that φ′u(t) = 0 if and only if tu ∈ Mλ. We split
Mλ into three parts corresponding to local minima, local maxima and points of inflection of fibrering maps and so we define
M+λ = {u ∈ Mλ|φ′′u (1) > 0},
M−λ = {u ∈ Mλ|φ′′u (1) < 0},
M0λ = {u ∈ Mλ|φ′′u (1) = 0}.
Note that if u ∈ Mλ, i.e, φ′u(1) = 0, then
φ′′u (1) = (p−m)∥u∥p + (m− n)

RN
λH(x)|u|ndx
= (p− n)∥u∥p − (m− n)

RN
h(x)|u|mdx. (2.8)
In the following, we assume (A1)–(A2) and derive some important properties for Nehari manifoldMλ.
Lemma 2.1. Jλ is coercive and bounded below on Mλ.
Proof. SinceH(x)|x|bn ∈ Lβ(RN)∩L∞(RN), β = p∗/(p∗−n), it follows fromHölder inequality andCaffarelli–Kohl–Nirenberg
inequality that
RN
H(x)|u|ndx ≤

RN
(|H(x)||x|bn)βdx
1/β 
RN
|x|−bp∗|u|p∗
n/p∗
≤ K na,b

RN
(|H(x)||x|bn)βdx
1/β 
RN
|x|−ap|∇u|pdx
n/p
≤ HβK na,b∥u∥n (2.9)
with Hβ =

RN (|H(x)||x|bn)βdx
1/β .
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Similarly, we have
RN
h(x)|u|mdx ≤ hαKma,b∥u∥m (2.10)
with hα =

RN (|h(x)||x|bm)αdx
1/α
, α = p∗/(p∗ −m). Then it follows from (2.3) and (2.9) that
Jλ(u) =

1
p
− 1
m

∥u∥p −

1
n
− 1
m

RN
λH(x)|u|ndx
≥

1
p
− 1
m

∥u∥p − λ

1
n
− 1
m

HβK na,b∥u∥n. (2.11)
Since p > n, Jλ is coercive and bounded below onMλ. 
Lemma 2.2. There exists λ0 > 0 such that M0λ = ∅ for λ ∈ (0, λ0).
Proof. Let
λ0 = m− p
(m− n)HβK na,b

p− n
(m− n)hαKma,b
(p−n)/(m−p)
. (2.12)
Suppose otherwise, then there exists λ ∈ (0, λ0) such thatM0λ ≠ ∅. This implies that ∃u ∈ M0λ such that
0 = φ′′u (1) = (p−m)∥u∥p + (m− n)

RN
λH(x)|u|ndx
= (p− n)∥u∥p − (m− n)

RN
h(x)|u|mdx. (2.13)
Inserting (2.9) and (2.10) into (2.13), we find
(m− p)∥u∥p = (m− n)

RN
λH(x)|u|ndx ≤ λ(m− n)HβK na,b∥u∥n,
(p− n)∥u∥p = (m− n)

RN
h(x)|u|mdx ≤ (m− n)hαKma,b∥u∥m,
which gives
p− n
(m− n)hαKma,b
1/(m−p)
≤ ∥u∥ ≤

m− n
m− pλHβK
n
a,b
1/(p−n)
.
This impliesλ ≥ λ0 and it is a contradiction. Thuswe conclude that there existsλ0 > 0 such thatM0λ = ∅ forλ ∈ (0, λ0). 
Lemma 2.3. Suppose that u0 is a local minimizer for Jλ(u) on Mλ. Then, if u0 ∉ M0λ , u0 is a critical point of Jλ(u).
Proof. Let
F(u) = ∥u∥p −

RN
λH(x)|u|ndx−

RN
h(x)|u|mdx, u ∈ X . (2.14)
We consider the optimization problem
min
u∈Mλ
Jλ(u) subject to F(u) = 0. (2.15)
Hence, by the theory of Lagrange multiplier principle, there exists µ ∈ R such that J ′λ(u0) = µF ′(u0). Thus
⟨J ′λ(u0), u0⟩ = µ⟨F ′(u0), u0⟩. (2.16)
Since u0 ∈ Mλ, we obtain
⟨J ′λ(u0), u0⟩ = 0.
However,
⟨F ′(u0), u0⟩ = p∥u0∥p − n

RN
λH(x)|u0|ndx−m

RN
h(x)|u0|mdx
= (p− n)∥u0∥p − (m− n)

RN
h(x)|u0|mdx.
Hence, if u0 ∉ M0λ , ⟨F ′(u0), u0⟩ ≠ 0 and so by (2.16), µ = 0 and J ′λ(u0) = 0. The proof is completed. 
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By Lemma 2.2, we writeMλ = M+λ ∪M−λ for λ ∈ (0, λ0) and define
δ+λ = inf
u∈M+λ
Jλ(u), δ−λ = inf
u∈M−λ
Jλ(u). (2.17)
Lemma 2.4. Let λ1 = nλ0p . Then, if 0 < λ < λ1, we have
(1) δ+λ < 0;
(2) there exists k0 > 0, such that δ−λ ≥ k0.
Proof. (1) Let u ∈ M+λ . Then, it follows from (2.8) that
RN
h(x)|u|mdx < p− n
m− n∥u∥
p
and so
Jλ(u) =

1
p
− 1
n

∥u∥p −

1
m
− 1
n

RN
h(x)|u|mdx
≤

1
p
− 1
n

∥u∥p −

1
m
− 1
n

p− n
m− n∥u∥
p
= (m− p)(n− p)
pmn
∥u∥p < 0.
This gives δ+λ < 0.
(2) Let u ∈ M−λ . Then (2.8) and (2.10) show that
∥u∥p < m− n
p− n

RN
h(x)|u|mdx ≤ m− n
p− n hαK
m
a,b∥u∥m
and
∥u∥ >

p− n
(m− n)hαKma,b
1/(m−p)
for all u ∈ M−λ . (2.18)
So,
Jλ(u) =

1
p
− 1
m

∥u∥p +

1
m
− 1
n

RN
λH(x)|u|ndx
≥

1
p
− 1
m

∥u∥p +

1
m
− 1
n

λHβK na,b∥u∥n
= ∥u∥n

m− p
mp
∥u∥p−n + λn−m
mn
HβK na,b

>

p− n
(m− n)hαKma,b
 n
m−p
m− p
mp

p− n
(m− n)hαKma,b
 p−n
m−p
− m− n
mn
λHβK na,b
 .
Thus, if 0 < λ < λ1, Jλ(u) ≥ k0 for all u ∈ M−λ with some k0 = k0(m, n, p, hα,Hβ , Ka,b) > 0. This completes the proof of
Lemma 2.4. 
For each u ∈ X with RN h(x)|u|mdx > 0, we write
T0 =

(p− n)∥u∥p
(m− n) RN h(x)|u|mdx
1/(m−p)
> 0. (2.19)
Then we have the following lemma.
Lemma 2.5. For each u ∈ X with RN h(x)|u|mdx > 0 and 0 < λ < λ0, we have
(1) if

RN H(x)|u|ndx ≤ 0, then there is a unique t− > T0 such that t−u ∈ M−λ and
Jλ(t−u) = sup
t≥0
Jλ(tu); (2.20)
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(2) if

RN H(x)|u|ndx > 0, then there are unique 0 < t+ < T0 < t− such that t+u ∈ M+λ , t−u ∈ M−λ and
Jλ(t+u) = inf
0≤t≤T0
Jλ(tu), Jλ(t−u) = sup
t≥0
Jλ(tu). (2.21)
Proof. Assume u ∈ X with RN h(x)|u|mdx > 0. Denote
ψ(t) = tp−n∥u∥p − tm−n

RN
h(x)|u|mdx, t ≥ 0. (2.22)
It is easy to see that tu ∈ Mλ if and only if t is a solution of
ψ(t) =

RN
λH(x)|u|ndx. (2.23)
Obviously,
ψ ′(t) = (p− n)tp−n−1∥u∥p − (m− n)tm−n−1

RN
h(x)|u|mdx
and ψ(0) = 0, ψ(t)→−∞ as t →+∞. Thus ψ(t) achieves its maximum at T0. The direct computation gives
ψ(T0) = ∥u∥
p(m−n)
m−p
RN h(x)|u|mdx
 p−n
m−p

p− n
m− n
m−n
m−p m− p
p− n
≥ ∥u∥
n
hαKma,b
 p−n
m−p

p− n
m− n
m−n
m−p m− p
p− n
= m− p
m− n

p− n
(m− n)hαKma,b
 p−n
m−p
∥u∥n = λ0HβK na,b∥u∥n. (2.24)
In the following, two cases are discussed.
Case 1. Let

RN H(x)|u|ndx ≤ 0. Then there is a unique t− > T0 such that ψ(t−) = λ

RN H(x)|u|ndx and ψ ′(t−) < 0.
Since
(p− n)∥t−u∥p − (m− n)

RN
h(x)|t−u|mdx = tn+1ψ ′(t−) < 0 (2.25)
and
⟨J ′λ(t−u), t−u⟩ = ∥t−u∥p −

RN
h(x)|t−u|mdx−

RN
λH(x)|t−u|ndx
= (t−)n

ψ(t−)−

RN
λH(x)|u|ndx

= 0, (2.26)
we have t−u ∈ M−λ .
On the other hand, we know that if tu ∈ Mλ,
d
dt
Jλ(tu) = tp−1∥u∥p − tm−1

RN
h(x)|u|mdx− tn−1

RN
λH(x)|u|ndx
= tn−1

ψ(t)−

RN
λH(x)|u|ndx

, (2.27)
d2
dt2
Jλ(tu) = (p− 1)tp−2∥u∥p − (m− 1)tm−2

RN
h|u|mdx− (n− 1)tn−2

RN
λH|u|ndx
= t−2

(p− n)tp∥u∥p − (m− n)tm

RN
h|u|mdx

= tn−1ψ ′(t). (2.28)
Since t > T0, d
2
dt2
Jλ(tu) = tn−1ψ ′(t) < 0, ddt Jλ(tu) = 0 for t = t−. This implies
Jλ(t−u) = sup
t≥0
Jλ(tu).
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Case 2. Let

RN H(x)|u|ndx > 0. By (2.9) and (2.24), we get for λ ∈ (0, λ0)
ψ(0) = 0 <

RN
λH(x)|u|ndx < λHβK na,b∥u∥n < λ0HβK na,b∥u∥n ≤ ψ(T0).
Then there are unique 0 < t+ < T0 < t− such that
ψ(t+) = ψ(t−) =

RN
λH(x)|u|ndx
and ψ ′(t+) > 0 > ψ ′(t−). Note that
(p− n)∥tu∥p − (m− n)

RN
h(x)|tu|mdx = tn+1ψ ′(t)
and
⟨J ′λ(tu), tu⟩ = tn

ψ(t)−

RN
λH(x)|u|ndx

,
we have t+u ∈ M+λ , t−u ∈ M−λ .
By (2.27) and (2.28), one finds ddt Jλ(tu) = 0 for t = t+ and t = t−, and d
2
dt2
Jλ(tu) < 0 for t = t+; d2dt2 Jλ(tu) > 0 for t = t−.
This shows Jλ(t−u) ≥ Jλ(tu) ≥ Jλ(t+u)with t ∈ [t+, t−] and Jλ(t+u) ≤ Jλ(tu) for t ∈ [0, t+]. Thus
Jλ(t+u) = inf
0≤t≤T0
Jλ(tu), Jλ(t−u) = sup
t≥0
Jλ(tu). (2.29)
This ends the proof of Lemma 2.5. 
For each u ∈ X with RN λH(x)|u|ndx > 0, we write
T 0 =

(n−m) RN λH(x)|u|ndx
(p−m)∥u∥p
1/(p−n)
> 0. (2.30)
Lemma 2.6. For each u ∈ X with RN λH(x)|u|ndx > 0, we have
(1) if

RN h(x)|u|mdx ≤ 0, then there is a unique 0 < t+ < T 0 such that t+u ∈ M+λ and
Jλ(t+u) = inf
0≤t≤T0
Jλ(tu); (2.31)
(2) if

RN h(x)|u|mdx > 0, then there are unique 0 < t+ < T 0 < t− such that t+u ∈ M+λ , t−u ∈ M−λ and
Jλ(t+u) = inf
0≤t≤T0
Jλ(tu), Jλ(t−u) = sup
t≥0
Jλ(tu). (2.32)
Proof. Fix u ∈ X with RN λH(x)|u|ndx > 0. Let
ψ(t) = tp−m∥u∥p − tn−m

RN
λH(x)|u|ndx, t ≥ 0. (2.33)
Since ψ(t) → −∞ as t → 0+ and ψ(t) → 0 as t → +∞, ψ(t) achieves its maximum at T 0. Similar to the argument
in the proof of Lemma 2.5, we can obtain the result of Lemma 2.6. 
Lemma 2.7. Assume (A1)–(A2). If uk ⇀ u weakly in X, then there exists a subsequence of {uk}, still denoted by {uk}, which
satisfies
lim
k→∞

RN
h(x)|uk − u|mdx = 0 (2.34)
and
lim
k→∞

RN
H(x)|uk − u|ndx = 0. (2.35)
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Proof. We only prove (2.35), the proof of (2.34) is similar and is omitted. Since H(x)|x|bn ∈ Lβ(RN) ∩ L∞(RN), for every
ε > 0, there exists R0 > 0 such that
BcR0
(|H(x)||x|bn)βdx < εβ (2.36)
with Br = {x ∈ RN ||x| ≤ r} and Bcr = {x ∈ RN ||x| > r} for any r > 0.
Since uk ⇀ u weakly in X , then {uk} is bounded in X and uk ⇀ u weakly in W 1,pa (RN). Moreover, the inequality (1.4)
implies that {uk} is bounded in Lp∗b (RN). Therefore, we can assume (up to a subsequence)
uk ⇀ u, in L
p∗
b,loc(R
N \ {0}) and uk → u a.e. in RN (2.37)
and for any k ≥ 1
RN
|x|−bp∗ |uk|p∗dx ≤ Mp∗ ,

RN
|x|−bp∗ |u|p∗dx ≤ Mp∗ (2.38)
with some constantM > 0, which is independent of k.
Furthermore, it follows from (2.37) that for large k,
BR0
|x|−bp∗ |uk − u|p∗dx < εp∗ . (2.39)
On the other hand, we get from the Hölder inequality that
BcR0
H(x)|uk − u|ndx ≤

BcR0
(|H(x)||x|bn)βdx
 1
β

BcR0
|x|−bp∗|uk − u|p∗dx
 n
p∗
≤ 2nMnεn
and for large k,
BR0
H(x)|uk − u|ndx ≤

BR0
(|H(x)||x|bn)βdx
 1
β

BR0
|x|−bp∗ |uk − u|p∗dx
 n
p∗
≤ C0εn.
Hence
lim
k→∞

RN
H(x)|uk − u|ndx = 0. (2.40)
This completes the proof of (2.35). 
3. Existence of positive solutions
In this section, we will give the proof of the existence of two positive solutions, one inM+λ and the other inM
−
λ .
Lemma 3.1. If 0 < λ < λ1, then the functional Jλ has a minimizer u0 in M+λ and it verifies
(1) Jλ(u0) = δ+λ ;
(2) u0 is a nontrivial nonnegative solution of problem (1.1).
Proof. By Lemma 2.1, we note that Jλ is bounded below on Mλ and so on M+λ , so there exists a minimizing sequence
{uk} ⊆ M+λ such that
lim
k→∞ Jλ(uk) = infu∈M+λ
Jλ(u). (3.1)
Since Jλ(u) is coercive, {uk} is bounded in X . Thus we may assume, without loss of generality, that uk ⇀ u0 in X .
By Lemmas 2.4 and 2.7, we have
Jλ(uk)→ δ+λ < 0

RN
H(x)|uk|ndx →

RN
H(x)|u0|ndx as k →∞. (3.2)
It follows from (2.3) that
Jλ(uk) =

1
p
− 1
m

∥uk∥p −

1
n
− 1
m

RN
λH(x)|uk|ndx (3.3)
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and so
1
n
− 1
m

RN
λH(x)|uk|ndx =

1
p
− 1
m

∥uk∥p − Jλ(uk). (3.4)
Letting k → ∞ in (3.4), we see that RN H(x)|u0|ndx > 0. Moreover, by Lemma 2.6, there is a unique t0 < T 0 such that
t0u0 ∈ M+λ and
0 = φ′u0(t0) = tp−10 ∥u0∥p − tm−10

RN
h(x)|u0|mdx− tn−10

RN
λH(x)|u0|ndx
= t−10

∥t0u0∥p −

RN
h(x)|t0u0|mdx−

RN
λH(x)|t0u0|ndx

. (3.5)
Now we show that uk → u0 in X . Suppose otherwise, then
∥u0∥ < lim inf
k→∞ ∥uk∥. (3.6)
By (2.6),
φ′uk(t) = tp−1∥uk∥p − tm−1

RN
h(x)|uk|mdx− tn−1

RN
λH(x)|uk|ndx (3.7)
and
φ′u0(t) = tp−1∥u0∥p − tm−1

RN
h(x)|u0|mdx− tn−1

RN
λH(x)|u0|ndx. (3.8)
Thus, we obtain from φ′u0(t0) = 0 that
φ′uk(t0) = tp−10 (∥uk∥p − ∥u0∥p)− tm−10

RN
h(x)(|uk|m − |u0|m)dx− tn−10

RN
λH(x)(|uk|n − |u0|n)dx. (3.9)
By Lemma 2.7 and (3.6), we derive
lim inf
k→∞ φ
′
uk(t0) ≥ tp−10 (∥uk∥p − ∥u0∥p) > 0 (3.10)
and φ′uk(t0) > 0 for k sufficiently large.
Since {uk} ⊆ M+λ , we obtain φ′uk(1) = 0, φ′uk(t) < 0 for t ∈ (0, 1). So we derive t0 > 1. But t0u0 ∈ M+λ and so
Jλ(t0u0) < Jλ(u0) < lim
k→∞ Jλ(uk) = δ
+
λ , (3.11)
which is a contradiction. Hence uk → u0 in X and so
Jλ(u0) = lim
k→∞ Jλ(uk) = δ
+
λ . (3.12)
Thus u0 is a minimizer for Jλ(u) on M+λ . Since Jλ(u0) = Jλ(|u0|) and |u0| ∈ M+λ , we may assume that u0 ≥ 0, u0 ≢ 0 in RN .
Moreover, by standard regularity method and the maximum principle for weak solutions (see [15–17]), we can show that
u0 is a positive solution of problem (1.1). 
Now, we establish the existence of a local minimum for Jλ(u) onM−λ .
Lemma 3.2. Assume λ ∈ (0, λ1). Then the functional Jλ has a minimizer v0 in M−λ and it satisfies
(1) Jλ(v0) = δ−λ ;
(2) v0 is a nontrivial nonnegative solution of problem (1.1).
Proof. By Lemma 2.1, we note that Jλ is bounded below on Mλ and so on M−λ , then there exists a minimizing sequence
{uk} ⊆ M−λ such that
lim
k→∞ Jλ(uk) = infu∈M−λ
Jλ(u). (3.13)
Since Jλ(u) is coercive, {uk} is bounded in X . Thus we may assume, without loss of generality, that uk ⇀ v0 in X .
By Lemma 2.4, we have that Jλ(u) > 0 for all u ∈ M−λ and so
inf
u∈M−λ
Jλ(u) > 0. (3.14)
4534 S. Zhu et al. / Computers and Mathematics with Applications 62 (2011) 4525–4534
Furthermore, (2.4) gives that
Jλ(uk) =

1
p
− 1
n

∥uk∥p +

1
n
− 1
m

RN
h(x)|uk|mdx. (3.15)
Letting k →∞ in (3.15), we derive from Lemma 2.7 that RN h(x)|v0|mdx > 0. Thus, by Lemma 2.5, there is a unique t1 such
that t1v0 ∈ M−λ .
We now show that uk → v0 in X . Suppose otherwise, then
∥v0∥ < lim inf
k→∞ ∥uk∥. (3.16)
Since uk ∈ M−λ and φuk(t)→−∞ as t →+∞ and Lemma 2.5, we get Jλ(uk) ≥ J(tuk) for all t ≥ 0 and we have
Jλ(t1v0) = 1p t
p
1∥v0∥p −
1
m
tm1

RN
h(x)|v0|mdx− λn t
n
1

RN
H(x)|v0|ndx
< lim
k→∞

1
p
tp1∥uk∥p −
1
m
tm1

RN
h(x)|uk|mdx− λn t
n
1

RN
H(x)|uk|ndx

= lim
k→∞ Jλ(t1uk) ≤ limk→∞ Jλ(uk) = δ
−
λ , (3.17)
which is a contradiction. Hence uk → v0 in X and so
Jλ(v0) = lim
k→∞ Jλ(uk) = δ
−
λ . (3.18)
Thus v0 is a minimizer for Jλ(u) on M−λ . Similarly, since Jλ(v0) = Jλ(|v0|) and |v0| ∈ M−λ , we can show that v0 is a positive
solution of problem (1.1). 
Proof of Theorem 1. By Lemmas 3.1 and 3.2, we obtain that problem (1.1) have two positive solutions u0 and v0 such that
u0 ∈ M+λ and v0 ∈ M−λ . SinceM+λ ∩M−λ = ∅, this shows that u0 and v0 are distinct. This concludes the proof. 
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